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]_^�`baWc:dfehgH^bikjmlZ^�nW^KcZ^biporqts:ifa#uZqv^KwxaryDzHjmevq{ev|Kevc:n�uPaWjfl}qhoru�^bq{^Kg}orc:g~zZcZ�
q{oWuP^Kqv^�g�gZo�jpo+jfa�evw�sZima��W^�`bq{o#dfdfe���`bo�jmeva#c�o#`b`bzZimo#`��#�9��cPgH^bi\jmlZ^�oWdmdfzZw�sH�
jfe{aWc?jfl:orjDjflZ^�gZorjmoFqve{^kaWc�oFdfzZuZw�orc:e�y@a#q{g?evc�o+lZe{nWl�gHevw�^Kc:d�e{aWcPorqHd�sPoW`�^#�
� ^FgH^b�#^bq{aWs�orc�oWqvn#aWime�jmlZw�e{`=y@iporw�^ � aWim��jma?`�qhoWdmdfe�y@��o�s:orifjfehorq{q{��qhoru�^bq{^Kg
gZo�jpo�df^�jDevc�o�sZime{c:`�e{sZq{^Kg�w�orc:cZ^bi��9�klZ^k`�^Kc�jfiporq�e{gH^�o�aWy:aWzZiDors:sZifa�oW`pl�ehd
jfl:orj�`�qhoWdmd�ev�P`Ko�jfe{aWc�y@zZc:`�jfe{aWc:d�orim^+cPo�jfz:imoWqvq{�.gH^b�:cZ^Kg}a#cZq{��aWc~jfl:^�d�zZuZ�
w�orcZevy@aWqhg�e{c��#z:^Kd�jfe{aWc�ipo�jmlZ^bitjml:orc�jflZ^�jfarjporq�orw?uZev^Kc�j9d�sPoW`�^#����dfe{cZn�jmlZ^
��oWsZq{o#`�^��=^bqvjfiporw�ePaWs�^bipo�jfa#i\aWcZ^�sZifaHgHzP`�^Kd�o�u:oWdfehd\y@aWi�o���e{qvu�^bifj=dfs:o#`�^
ary�dm��z:orim^�evc�jm^bnWiporu:qv^�y@z:c:`�jmeva#c:d�a#c�jfl:^FdfzZuZw�orcZevy@aWqhgt�\�9a�im^K`�a��#^bi�dfz:`pl
o�u:oWdfehdb�Za#cZq{�.zZcZqhoru�^bq{^Kg~^b�HoWw�sZqv^�d�orim^�if^���zZevim^Kg7�=�Fc:`�^�o�uPoWdfe{d�ehd�a#uH�
jmoWevcZ^�gt�ZjmimoWevc:evcZn�`Korc}u�^�sP^Ki�y@a#ifw�^�g�zPd�e{cZn�jfl:^�q{oWuP^Kqv^�g}gZo�jpo�d�^bjK���FzZi
orq{nWa#ifevjflZw w�aHgH^bqhd+jfl:^�w�oWcZe�y@a#q{g_z:dfevc:n.jmlZ^�oWgJ¡�o#`�^bcP`��(nWipors:l¢y@aWi+jmlZ^
gZo�jpoFoWc:g�oWsZsZimaJ�Hevw�o�jm^Kd�jflZ^k��oWsZqhoW`�^k�=^bqvjfiporw�e�aWs�^bipo�jmaWi�u���jmlZ^=nWiporsZl
��oWsZq{o#`�ehorc7��£¤ipoW`�jfeh`boWqDoWsZsZq{e{`Ko�jmeva#c:dFjfa(e{w�oWnW^�orc:g_jm^���j�`�qhoWdmd�ev�P`Ko�jfe{aWc
orim^+`baWc:dfehgH^bim^Kgt�
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¬­c!w�oWc��¢sZipoW`�jme{`Korq\ors:sZqveh`borjfe{aWc:d+aWy=gZorjmo}`�qhoWdmd�ev�P`Ko�jfe{aWc_orc:g!gZo�jpo~w�e{cZe{cZn:��aWcZ^��:c:g:d�o
� ^Korqvjfl�aWy®^�oWdfevq{�?oJ��oWevqhoruZq{^kzZcZqhoru�^bq{^Kg�^b�HoWw�sZqv^�db� � lZe{qv^�`baWq{qv^�`�jmevcZn�qhoru�^bq{^Kg�^b�HoWw�sZqv^�d¤`boWc
u�^�`�a#d�jfq{��oWc:g?jfe{w�^b�¯`baWc:dfzZw�e{cZn:�D°�jmoWc:gZoripg?^��Zorw�sZq{^KdDe{c:`�q{z:gH^�a#uH¡±^K`�j¤if^�`�a#nWcZevjfe{aWc?evc�e{w?�
orn#^KdK�WdfsP^K^K`pl�if^�`�a#nWcZevjfe{aWc7�r`bq{o#dfdfevy@��e{cZn�cZ^ � d¤orifjfeh`�q{^KdDu���jmaWsZeh`r�D¬­c�im^K`�^Kc�jLjmevw�^�db��nW^KcZ^�jme{`Kd
l:o#d?oWq{dfa¢sZima���e{gH^�g�^bcZa#ifw�a#z:d�oWw�a#zZc�jmd?ary�im^Ko#gHevq{��oW`b`b^Kdmd�e{uZq{^�gZorjmo:�_��a � ^b�#^bi��L`bq{o#dfdfev�
�P`Ko�jfe{aWc�aWy�jmlZe{d�gZo�jpo�e{c��Wa#qv�#^Kd+^��Hs�^bimevw�^bc�jpo�jfe{aWc²oWc:g�`borc!u�^��W^Kif�(im^KdfaWzZip`�^�e{c�jf^bcPd�e{�W^#�
³ aWcPd�^��#z:^bc�jfq{�_evj�e{d�ary�e{c�jf^Kif^�d±j?jfa_gZ^b�W^Kqva#s0orq{nWa#ifevjfl:w�d�jfl:orj�oWif^~oruZq{^�jma/zHjmevq{ev|K^�u�arjml
qhoru�^bq{^Kg�orcPg?z:cZq{oWuP^Kqv^�g�gZo�jpo�y@aWi�`�qhoWdmd�ev�P`borjfe{aWc�orc:g�aWjflZ^Ki¤sZzZims�a#df^KdK�L´�q�jmlZaWzZn#l�jflZ^+orim^Ko
ary�s:orifjfehorq{qv�(qhoru�^bq{^Kg_`�qhoWdmd�ev�P`Ko�jfe{aWc/e{d+y5oWevimqv�(c:^ � �7o~`�aWcPd�ehgH^biporu:qv^�orw�aWzZc�j�ary � a#if�}l:o#d
u�^b^bc!gHaWc:^�e{c(jfl:orjF�P^bqhg¢d�e{c:`b^�jfl:^?^�orimqv�}µW¶:· dK��df^b^~¸ ¹Z�PºP�t»J¼½�+¬­c(jmlZe{d+s:oWsP^Ki � ^?o#gZgHim^Kdmd
jfl:^�sZimaWuZq{^bw¾ary¤`bq{o#dfdfe�y@��e{cZn.o�sPorifjfehorq{qv��q{oWuP^Kqv^�g¢d�^bj�u��~gZ^b�W^Kqva#sZe{cZn�jflZ^?e{gZ^KoWd�sZimaWs�a#df^Kg
e{c¿¸�Àb¼�y@a#i?gZorjmo(im^bs:if^�d�^Kc#jpo�jmeva#c7�(¬­cÁs:oWi�jme{`bzZq{oWiK� � ^.^��HsZq{aWevj�jmlZ^.e{c�jfimevc:dfeh`.d�jfimz:`�jmzZif^.ary
jfl:^�gZo�jpo~jfa}evw�sZima��W^�`bq{o#dfdfe���`bo�jmeva#c � evjfl�zZcZqhoru�^bq{^Kg�^b�Zorw�sZq{^Kd�zZc:gZ^bi�jfl:^.oWdmd�z:w�sZjfe{aWc
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jflPo�j�jmlZ^�gZo�jpo�if^�d�ehgH^�d¤aWc�o�q{a � �¯gHe{w�^bc:dfe{aWc:oWqZw�orcZevy@aWqhg � evjflZe{c�o�lZevn#lH�­gHevw�^Kc:d�e{aWcPorq:im^bsZ�
im^Kdf^bc�jmorjfe{aWc/dfs:oW`b^W��¬­c!d�a#w�^�`bo#d�^�d�evj�d�^K^bw�dFjfa~uP^�o�if^�oWdfaWc:oWuZqv^?oWdmd�zZw�sHjmeva#c¢jml:o�j�jfl:^
gZorjmo�q{ev^�d�aWc�aWi�`�q{a#df^}jfaÁo�w�orcZevy@aWqhgt���ZaWi.^��Zorw�sZq{^¢o�l:orcPg � ifevj�jm^bc gHe{nWevj�� `Korc�u�^
y5ore{imqv�¢o#`b`�z:imorjf^bq{�(im^bsZim^Kdf^bc�jf^�g/o#d+oWc_^Kqvq{e{s:d�^#� � lZeh`pl_ehd�`�a#w�sZqv^bjf^Kqv�/gZ^�jf^Kifw�e{cZ^Kg_u��(jfl:^
`�a�a#imgHe{c:orjf^Kd�aWy+evjmd�y@aH`be�orc:g0jfl:^¢d�zZw ary+jflZ^¢gZe{d�jmoWc:`�^�d�y@ifa#w jflZ^}y@aH`be�jfaÁoWc��0sPa#evc�jK�
�kl�z:dkjmlZ^�d�sPoW`�^�aWyL^Kqvq{e{s:d�^�dke{d�o��:�W^b�¯gHe{w�^bc:dfe{aWc:oWqtw�oWcZevy@aWqhgt��´�c¢o#`�jmz:orqtl:oWc:g � ime�jfjf^Kc��
� aWzZqhg�im^K��zZe{if^Fw�a#if^Fs:oriporw�^bjf^bipdK�#uZzZjks�^biml:oWs:d�c:arjkw�a#if^�jfl:oWc/À���aWi�¹r¶:���Fc�jflZ^�aWjflZ^Ki
l:oWc:g?jflZ^�gZevw�^bcPd�e{aWc:oWqvevj±��aWyPjmlZ^�orw?uZev^Kc�j¤if^KsZif^�d�^Kc�jmo�jmeva#c�dfs:o#`�^ke{d\jflZ^�c�zZw?uP^Ki¤ary®sZev��^Kq{d
� lZeh`pl(e{d�j±��sZeh`borq{q{�.y5oWi�lZe{nWlZ^KiK���:aWiFarjfl:^bi�j±��s�^Kd�ary�gZorjmo�jmlZ^���zZ^Kd�jfe{aWc/aryDjflZ^?w�orcZevy@aWqhg
d�jfimz:`�jmzZif^�d�^K^bw�d�d�e{nWc:e��P`Korc�jfq{�}w�aWim^�e{c��#aWq{�W^�gt��] lZevq{^�jflZ^Kif^?l:oWd+u�^b^Kc/im^K`�^Kc�j � aWim��a#c
z:dfevc:n?w�orc:e�y@a#q{g�d±jmifz:`�jfzZim^Fy@aWi�gZo�jpo�im^bsZim^Kdf^bc�jpo�jfe{aWc	��¸ 
Z����¼�
���jmlZ^Fa#cZq{��arjfl:^bi�orsZs:qveh`borjfe{aWc
jfa�`bq{o#dfdfe���`bo�jmeva#c�s:ifa#uZqv^Kw�d=jfl:orj � ^�orim^�o � oWif^+ary±� � oWd=e{c²¸ »J¼½� � lZ^Kif^+jmlZ^�orzZjflZa#imd=z:df^�o
iporc:gHa#w � orq{��aWc~jflZ^�g:o�jmo�o#gJ¡�oW`b^bc:`b��nWiporsZl.y@aWi�s:oWi�jme{oWqvq{��qhoru�^bq{^Kg~`�qhoWdmd�ev�P`Ko�jfe{aWc��
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�9a?sZima���e{gZ^�o�w�aWjfe{�Jorjfe{aWc�y@a#ikz:d�e{cZn�o�w�orc:e�y@a#q{g�d±jmifz:`�jfzZim^W�H`baWc:dfe{gZ^biko�dfevw�sZq{^+df��c�jflZ^bjfeh`
^��ZoWw�s:qv^�dflZa � c�e{c0�9e{nWz:if^�À#�L�kl:^�j � a?`�qhoWdmd�^�d¤`�a#c:d�ehd�j¤ary®j � a�s:orifjmd\aWy®jflZ^+`�zZim�W^�dflZa � c
e{c²jflZ^��:ipd±j�s:orc:^bq1�@ima � À�
��!]_^}orim^�n#ev�#^bcÁo(y@^ � q{oWuP^Kqv^�gÁs�aWe{c�jmd�orc:g2�W¶W¶(z:cZq{oWuP^Kqv^�g
s�aWe{c#jpdkd�lZa � c�evc�s:orc:^bqhdk¹?orcPg43�im^Kdfs�^K`�jmev�#^bq{�W�\�klZ^+nWa�orq�e{d�jfa�^Kd�jmoWuZq{e{dfl�jmlZ^�e{gH^Kc�jfevj±��ary
jfl:^�sPa#evc�j�qhoru�^bq{^Kg � evjfl�o���zZ^�d±jmeva#c�w�oWif�®�D���?aWu:df^bim��evc:nFjmlZ^�sZeh`�jmzZim^�evc�s:oWcZ^bq®¹$�@ima � À�

� ^Fdf^b^�jml:o�j � ^+`boWcZcZarj=`�aWcZ�PgH^bc�jmqv��`�qhoWdmdfe�y@�6587:9/u���z:dfe{cZn�jmlZ^�qhoru�^bq{^Kg�^b�Zorw�sZq{^Kd=orq{aWcZ^#�
�Fc�jfl:^¢arjmlZ^bi�lPorc:gt�kjmlZ^¢sZimaWu:qv^Kw df^b^Kw�d�w�z:`pl w�aWim^}y@^Ko#d�e{uZq{^(nWe{�W^Kc�jmlZ^/z:cZq{oWuP^Kqv^�g
gZorjmo!d�lZa � c0evc s:orc:^bq;3Z�0°�e{c:`b^.jmlZ^bim^�ehd�orc0zZc:gH^Kifq{��evcZn!w�orcZevy@aWqhgt��e�j�d�^K^bw�d�`�q{^KoWi�orj
jfl:^�aWzHjpd�^bj�jflPo�j�jmlZ^4�@n#^baHgH^�d�eh`<
kgHehd�jmorcP`�^Kd�orq{aWcZn�jmlZ^�`�z:if�#^�orim^+w�a#if^�w�^KoWcZe{cZnry@zZq�jfl:oWc
=¤zP`�q{e{gH^�orc}gHehd±jporc:`b^Kdke{c�jmlZ^�sZqhorcZ^#�\�klZ^bim^�y@a#if^�ipo�jfl:^bi=jfl:oWc}uZzZe{q{gHe{cZn�`bq{o#dfdfe��P^bipd=gZ^��:cZ^�g
aWc~jmlZ^�sZqhorcZ^0�?>A@B
kevj�d�^K^bw�dksZim^�y@^KimoWuZqv^+jma�l:oJ�W^�`�qhoWdmdfe��:^KimdkgH^b�:cZ^�g}aWc�jflZ^�`bzZim�W^�e�jpd�^Kq�y±�
=¤�#^bc�jmlZaWzZn#l�jflZ^~gZo�jpo(l:o#d?oWc²zZc:gH^Kifq{��evcZn/w�oWcZevy@aWqhgt�LjflZ^~sZimaWuZq{^bw e{d?d±jmevq{q=cZarj��#z:e�jm^
jfime{��ehorqFd�e{c:`�^¢jflZ^(j � aÁgHeDC�^Kif^Kc�j�s:orifjmd�aWy�jflZ^/`bzZim�W^¢`�a#w�^¢`�aWcZy@z:d�e{cZn#qv� `�q{a#df^}jfaÁ^�oW`pl
arjmlZ^bi����klZ^Kif^�orim^�w�oWc��(s�a#dmdfevuZq{^�sPaWjf^bc�jme{oWqLim^bs:if^�d�^Kc#jpo�jmeva#c:d�aWy¤jfl:^�w�oWcZe�y@a#q{g_orc:g/jfl:^
aWc:^�sZima���e{gH^�g}u���jmlZ^?`bzZim�W^�evjmdf^bqvy�ehd�zZcPdforjfehd±y5o#`�jfa#if�#��¬±gH^�orq{qv�#� � ^ � aWzZqhg(q{ev�#^�jma.l:oJ�#^�o
im^bsZim^Kdf^bc�jmorjfe{aWc(aWy¤jflZ^�gZorjmo � lZe{`pl_`borsZjfzZim^Kd�jflZ^�y5o#`�j+jfl:orj+evj+ehd�o.`bqva�d�^�g¢`�zZim�W^#�)E(aWim^
dfsP^�`�ev�P`boWqvq{�W� � ^ � aWz:q{g!q{ev�#^�orc�^bw?uP^�gZgHe{cZn(arykjfl:^.`�zZim�W^ � lZ^Kif^�jmlZ^.`ba�a#imgZevc:orjf^�d��JoWif�
oWd?d�q{a � q{�_oWd�sPa�dfdfe{uZqv^ � lZ^bc²a#cZ^�jfipoJ�W^Kimdf^Kd+jmlZ^.`bzZif�#^W�¢°�z:`pl�orc²ehgH^KoWq�im^bsZim^Kdf^bc�jmorjfe{aWc
ehd�d�lZa � c_evc_jfl:^�sPorcZ^Kq\ºF�@�:imd�j�s:orc:^bq\ary�jflZ^�df^K`baWc:g/ifa � 
��HG�aWjf^�jflPo�j�uPaWjfl!if^KsZim^Kdf^bc�j
jfl:^�dfoWw�^+z:c:gH^bimq{��e{cZn�w�orc:e�y@a#q{g}d�jfimz:`�jmzZif^�uZzZj � e�jml¢gHeDC�^Kif^Kc#j�`ba�aWipgHevcPo�jf^+y@zZcP`�jfe{aWcPdb��¬¯j
jfz:ifc:d�a#zHjI�5s:orc:^bq�
J
�jflPo�j�u���jpor��e{cZn!o/j � ar�­gHevw�^Kc:d�e{aWcPorq�im^bs:if^�d�^Kc#jpo�jmeva#cÁary�jmlZ^(gZo�jpo
� evjfl}��ors:q{o#`�ehorc0=¤e{nW^KcZw�ors:d+¸vÀ�¼¯� � ^+nW^�j=�W^Kif��`�q{a#df^�jma�jmlZ^�gH^Kdfe{if^�g�^bw?uP^�gZgHe{cZn:�¤£\oWcZ^bqK�
dflZa � d=jflZ^�q{aH`borjfe{aWc:dkaWyLqhoru�^bq{^Kg~s�aWe{c#jpd�e{c�jmlZ^�cZ^ � im^bsZim^Kdf^bc�jpo�jfe{aWc}dfs:oW`b^W�\]!^�d�^K^�jfl:orj
587:9²c:a � y5oWqvqhd�dm��z:orim^bq{��e{c}jflZ^�w�ehgZgHq{^�aWyL5NML9�d�e{nWc:d�oWc:g(`boWc}^KoWdfe{qv��uP^�ehgH^Kc#jme��P^Kg(oWd�o
5OML9:�
�klZehd�oWi�jme���`�ehorq�^��Zorw�sZq{^�e{qvq{z:d�jfipo�jm^Kd�jfl:orj=im^K`ba��W^bime{cZn+jflZ^+w�orcZevy@aWqhg�orcPg.gH^K�W^bq{aWs:evcZn?`�qhoWd��
dfe��:^Kimd�aWc~jflZ^�w�oWcZevy@aWqhg�evjmdf^bqvy\w�evn#l#j�n#ev�#^�z:d�oWc}o#gH��orc�jmoWnW^�e{c¢`�qhoWdmd�ev�P`borjfe{aWc~sZimaWuZq{^bw�dK�
�9a~im^K`ba��W^KiFjmlZ^�w�orcZevy@aWqhgt�Lorq{q � ^�cZ^K^Kg!ehd�zZcZqhoru�^bq{^Kg�gZo�jpoZ���klZ^�qhoru�^bq{^Kg�gZorjmo~ehd�jflZ^Kc
z:df^Kg�jfa�gH^K�W^Kqva#s~o�`�qhoWdmdfe��:^Ki�gH^��PcZ^Kg~aWc�jfl:e{d�w�oWcZe�y@a#q{g7����a � ^b�#^bi � ^�cZ^K^Kg~o�w�a�gZ^bqty@a#i
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Laplacian 60,000 points total
Laplacian 10,000 points total
Laplacian 1,000 points total
best k−NN, k=1,3,5
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Laplacian 19,935 points total
Laplacian 2,000 points total
Laplacian 600 points total
best k−NN, k=1,3,5
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